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Abstract 

In the setting of von Neumann algebras, measurable quantum groupoids have successfully 
been axiomatized and studied by Enock, Vallin, and Lesieur [3j [8| [16] , whereas in the setting 
of C*-algebras, a similar theory of locally compact quantum groupoids could not yet be 
developed. Some basic building blocks for such a theory, like analogues of a Hopf-von 
Neumann bimodule and of a pseudo- multiplicative unitary, were introduced in [111 115] . The 
approach in [111 I15j . however, is restricted to "decomposable" quantum groupoids which 
generalize r-discrete groupoids. Recently, we developed a general approach [121 113] that 
covers all locally compact groupoids. In this article, we explain how the special theory of 
[111 115] embeds into the general one of [121 113] . 

1 Introduction 

In the setting of operator algebras, quantum groupoids have successfully been axiomatized 
and studied only on the level of von Neumann algebras 1 2 3, 4, 8 ,[16] but not on the finer 
level of C*-algebras. The theory of locally compact quantum groups |Bj and the theory 
of measurable quantum groupoids 8 suggest that on the level of C*-algebras, a quantum 
groupoid should be some kind of Hopf C*-bimodule equipped with operator-valued Haar 
weights, and that this Hopf C*-bimodule is closely related to a C*-pseudo-multiplicative 
unitary which encodes the quantum groupoid and its generalized Pontrjagin dual. 

A first study of such Hopf C*-bimodules and C*-pseudo-multiplicative unitaries was 
started in [111115] . But the theory developed there applies only to a special class of quantum 
groupoids that are analogues of r-discrete groupoids. Recently, we introduced a general 
definition of Hopf C*-bimodules and C*-pseudo-multiplicative unitaries [121 1131 114] that, 
we hope, should provide the right basis for the study of quantum groupoids on the level of 
C*-algebras. The purpose of this article is to explain how the special theory developed in 
[111 115] fits into the general framework introduced in [13] . 

In both approaches, the definitions of the basic objects involve the notion of a bimodule 
over a C*-algebra B, of a relative tensor product of bimodules, of (generalized) C*-algebras 
represented on such bimodules, the fiber product of such (generalized) C*-algebras, and 
many related constructions. The difference between the two approaches lies in the choices 
of the category of bimodules and the category of represented (generalized) C*-algebras. In 
[15] . we have to restrict ourselves to the special case where the two module structures on the 
bimodules and (generalized) C* -algebras are related by a family of partial automorphisms 
of the underlying C*-algebra. 

In this article, we construct a functor from the category of bimodules used in [15] to 
the category of bimodules used in [T3 > that is full, faithful, and monoidal in the sense that 
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it preserves the relative tensor product. Moreover, we construct a functor from the cate- 
gory of generalized C*-algebras (called C*-families) used in [15] to the category of concrete 
C*-algebras used in [121 113] that is faithful and submonoidal in the sense that it embeds 
the fiber product of C*-families into the fiber product of concrete C*-algebras. These two 
constructions depend on the choice of a covariant representation of some dynamical sys- 
tem. Using these functors, we associate to suitable Hopf C*-families [T5] concrete Hopf 
C*-bimodules pHJ], and to suitable pseudo- multiplicative unitaries on C*-modules [T3] C*- 
pseudo- multiplicative unitaries [13]. 

This work was supported by the SFB 478 "Geometrische Strukturen in der Mathematik" 
which is funded by the Deutsche Forschungsgemeinschaft (DFG). 

Organization of the article This article is organized as follows. 

In Section 2, we fix notation and recall some preliminaries concerning C*-modules, partial 
automorphisms, and monoidal categories. 

In Section 3, we introduce a functor from C*-bimodules and homogeneous operators to 
Hilbert spaces and ordinary operators which underlies the constructions in Section 4 and 5. 

In Section 4, we embed the monoidal category of certain admissible C*-bimodules over 
a C*-algebra into the monoidal category of C*-bimodules over a C*-base. 

In Section 5, we to embed the category of certain admissible C*-families on C*-bimodules 
into the category of C*-algebras over a C*-base. This embedding is not monoidal but embeds 
the fiber product of C*-families into the fiber product of C*-algebras over a C*-base. 

In Section 6, we use the functor constructed in Section 5 to embed the category of admis- 
sible Hopf C*-families over a C*-algebra into the category of concrete Hopf C*-bimodules. 
Moreover, we associate to a large class of pseudo-multiplicative unitaries on C*-modules 
C*-pseudo-multiplicative unitaries in such a way that the legs of these unitaries are related 
by the functor constructed in Section 5. 

2 Preliminaries 

Given a subset Y of a normed space X , we denote by [Y] C X the closed linear span of Y. 
If H is a Hilbert space and X C C(H), then X' denotes the commutant of X. 

We shall make extensive use of (right) C*-modules, also known as Hilbert C*-modules 
or Hilbert modules. A standard reference is [7]. 

All sesquilinear maps like inner products of Hilbert spaces or C*-modules are assumed 
to be conjugate-linear in the first component and linear in the second one. 

C*-modules Let A and B be C*-algebras. Given C*-modules E and F over B, we denote 
the space of all adjointable operators from E to F by Cb{E,F). 

Let E and F be C*-modules over A and B, respectively, and let it: A — > £b(F) be 
a *-homomorphism. Then one can form the internal tensor product E 0^ F, which is a 
C*-module over B Chapter 4]. This C*-module is the closed linear span of elements 
V a £, where r\ G E and (gf are arbitrary, and (77 0,r ®t £') = (CI 7r (( 7 ?l 7 ?'))C'} an d 
(77 <8V £)b = n (gv for all rj, 77' G E, £, £' £ F, and b G B. We denote the internal tensor 
product by "@"; thus, for example, EQ^F = Eigi^F. If the representation n is understood, 
we write "@" instead of "©it". 

Given E, F and n as above, we define a flipped internal tensor product F n QE as follows. 
We equip the algebraic tensor product F E with the structure maps (£ r)\£' 77') := 
{£\ 7T (( r l\ r l'))C) 1 (C © v)b '■= 7/, and by factoring out the null-space of the semi-norm 
C l— * IKCIOII 1 ^ 2 an d taking completion, we obtain a C*--B-module F^QE. This is the closed 
linear span of elements £^©77, where 77 G E and £ G F are arbitrary, and {(,Tv©n\^' ^©n') — 
(£K((»7|j/))£') and (^©77)6 = £^©77 for all 77,77' G E, G F, and b G B. As above, we 
write "©" instead of 'V©" if the representation it is understood. 
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Evidently, the usual and the flipped internal tensor product are related by a unitary map 
X: F®E ^ EQF, J7 © £ i-f £ © 77. 

By a right C* -A-B -bimodule we mean a G*-module E over B that is full in the sense that 
l(E\E)] = B, together with a fixed nondegenerate representation A — > Cb{E). Evidently, 
the class of all right C*- J 4-_B-bimodules forms a category with respect to the morphism sets 

Cb{E,F) = {T G Cb(E,F) I T< = aT£ for all a G A,£ G £}. 



Partial automorphisms Let B be a G*-algebra. A partial automorphism of .B is a *- 
automorphism 9: Dom(fl) — > Im(#), where Dom(fl) and Im(#) are closed ideals of B. Since 
the composition and the inverse of partial automorphisms are partial automorphisms again, 
the set PAut(B) of all partial automorphisms of B forms an inverse semigroup [10] , For 
each a G PAut(_B), we put a* := a~ x . Given a, a' G PAut(B), we say that a extends a' 
and write a > a' if Dom(a') C Dom(a) and oiDomO') — < J ' ■ Given partial automorphisms 
9,6' £ PAut(_B), we denote by 9 A 9' the largest partial automorphism that is extended by 
9 and 9'; thus, 6 A 0' = 6\i = 0'\i, where I C Dom(S)nDom(fl') denotes the largest ideal on 
which 6 and 9' coincide. 



Monoidal categories and functors Let us briefly recall the definition of a monoidal 
category and of a monoidal functor; for details, see [S]- A monoidal structure on a category 
C consists of 

• a bifunctor 0:CxC^C, (E, F) >-> E F; 

• an object I G C called the unit; 

• for each E,F,G G C, an isomorphism a E ,F,G ■ (E F) G — > E (F G) that is 
natural in E, F, G and makes the following diagram commute for all E, F, G, H G C: 



{{E QF)QG)QH QE^J '' G ^^ (E F) (G H) 



| a E,F,G©id 

(EQ(FQG)QH) 

^ a E ,FQG ,H 



a E,F,GQH 



E ((F G) #) ' d0aj, ' G '" £0(F0(G0 #)); 



for each E G C, isomorphisms Z_b : 7 _E — » E and 7\e : E O I E that are natural in 
i? and make the following diagram commute for all E, F G C: 



(EQI)QF- 



EQ(IQF) 



EOF. 



A monoidal category is a category equipped with a monoidal structure. 
A monoidal functor between monoidal categories C and D consists of 

• a functor $ : C — > D; 

• a natural transformation r: o($ x $) — > $ o that makes the following diagram 
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commute for all E,F,G G C: 



($E $F) $G "^^^^^q . q $ G ) 

| T E,F0 id | id © T -F,G 

$(-E F) $G $£0$(F0G) 
$((E 0F)0G) $(E (F G)); 

*(<*E,F,g) 

a morphism e : Id — > $ (7c ) , where 7c and Id denote the units of C and D , respectively, 
that makes the following diagrams commute: 

7 D <f>E — ^ $£, $E I D — >■ $E. 



|e0id *0e)| jidC 



10e «(''e)[ 

S/cOS-E' T ' C ' E > $(/c 0g) $£0$/c — Tg ' f ° > $(£0Jc) 

3 Untwisting homogeneous operators on C*-bimod- 
ules 

The main idea of this article is to use covariant representations of partial automorphisms 
to "untwist" homogeneous operators and families of homogeneous operators. We briefly 
recall the notion of a homogeneous operator and the appropriate notion of a covariant 
representation before we explain the precise construction. 

Homogeneous operators on C*-bimodules The approach to pseudo- multiplicative 
unitaries and Hopf C*-bimodules developed in [111 115] is based on the concept of right G*- 
bimodules and their operators. Naturally, this approach leads to operators that do not 
preserve the module structure [111 Subsection 1.1.1] like, for example, 

• convolution operators on the G*-bimodule of a groupoid; 

• operators of the form F — > E © F, rj h-> £ @ rj , and E -» E © F, £' t-> f Qrj, where E 
and F are right G*-bimodules over some G*-algebra B and £ € E, n G F; 

• the operators comprising a Hopf G*-bimodule, if this Hopf G*-bimodule does not 
simply correspond to a bundle of quantum groups. 

Therefore, we introduced operators that twist the module structure by partial automor- 
phisms. Let us recall the precise definitions. 

Definition ([H]). LetA,B be C* -algebras, E,F right C -A-B-bvmodules, and p G PAut(^l), 
a G PAut(B). We call a map T : E — > F a (p, cr)-homogeneous operator if 

i) Im(T) C [Im(p)F] and Ta£ = p{a)T£ for all a G Dom(p), £ G E, and 

ii) there exists a map S: F — > E such that (SF\E) C Dom(a) and (T]\T£) = o~({Sr)\£)) for 
all £ € E, n G F . 

We denote by Jz?£(E,F) the set of all (p, a) -homogeneous operators from E to F, and put 
(J?f(E,F)) p , a . 

Homogeneous operators share many properties of ordinary adjointable operators on right 
C*-bimodules. Let A, B be C*-algebras, E,F,G right C"*-A-7?-bimodules, and p, p G 
PAut(yl), <7, a' G PAut(S). If T: E — > F is a (p, (j)-homogeneous operator, then T is 
linear, bounded, ||T|| = ||T*|| = ||T*T||, and the map S in ii) above is necessarily unique 
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[151 Proposition 3.2]. We call this map S the adjoint of T and denote it by T*. Moreover, 
by [151 Proposition 3.7], 

J??,(F,G)J?£(E,F) C ^,' CT P (F,G), {J?S{E,F)Y = J?f,(F,E). (1) 

We adopt the following notation for families of homogeneous operators. Let A, B and 
E,F,G be as above, and let = {^S) P , a be a family of closed subspaces C J?£(E,F), 
where p G PAut(F), a G PAut(A). 

• Given a family & = (@g)p, a of closed subspaces f^J C 3?£(E, F), we write ^ C if 
and only if ®g C ^ for all p G PAut(A), a G PAut(B). 

• We define a family If* C _£?(F, F) by := for all p, a. 

• Let S> C jSffF, G) a family of closed subspaces. The product [W] C j£f(F, G) is the 
family given by 

[W] P ',', := span {r'T | T' € T G %? CT P , p, p' G PAut(A), a, a' G PAut(B), 

i ^ it i . n -i 

P P S P , (T ^ < (J | 

for all p" G PAut(A), a" G PAut(B). Clearly, the product ^ [W] is as- 

sociative. Similarly, we define families [&T], [T'ff] C j£f(F, G) for operators T G 
J^ P (F,F), T' G .Sf CT p '(F,G), where p, p' G PAut(A), a, a' G PAut(B). 

• We put [VE] — spm{r^ T G G PAut(A), a G PAut(F), £ G E}. 

• By a slight abuse of notation, we denote by ^ id C Jf(E, F) and % d C j£?(F, F) the 
families given by 

/yadsp ._ / P = ids, n P ._ f ^ id , cr = ids, 

^ ;<T ' \ 0, otherwise, ^ ld;<T ' \ 0, otherwise. 

Similarly, we define J? id (F, F) C J^(F, F) and jSf id (J5, F) C if(F, F). 

Untwisting homogeneous operators via covariant representations Till the 

end of this section, we fix the following data: 

• a C*-algebra B, 

• an inverse semigroup C PAut(F) that satisfies 9 A 8' £ 6 for all 9, 9' G 0, 

• a covariant representation (n,v) of (-8,0) on a Hilbert space .ft, that is, a *-homo- 
morphism n: B —> £(M) and a map v: — > £{R) such that 

v(9)v{9') =v(99'), v(9)* = v{9*), v(0)& = [ir(lm(9))8\ , u(0)7r(&)t;(0)* = tt(0(&)) 

for all 9,9' GO and 6 G Dom(6>). 

The first two equations above just say that v is a homomorphism of inverse semigroups 
— > PIso(^), where Plso(ft) denotes the inverse semigroup of all partial isometries of 
Consider .ft as a right G*-F-C-bimodule via ir. 

Lemma 3.1. Let F, F be right C* -B-B-bvmodules, p, a G 0, and T G J?£{E,F). Then 
there exists a unique bounded linear operator T Q n v(a) : E & — » F Q n A such that 

(T ©^ v(a))(£ ©^ C) = T£ ©^ v(a)C for all $ G E, £ G £. 
J/T6 (F, F) n Jzfj (F, F) for some p',a' G 0, then T Q n v(a') —T©^ v(a). 
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Proof. By definition, v(a) G Jzf ; °[(.£). Hence, the existence of T Q-w v(a) follows from [151 
Proposition 5.3]. Assume that T G &£{E,F) for some p',a' G 9. Then |T5] Proposition 3.2 
(iii)] implies that T G Jf£„(E, F), where a" = a Act' G 0. Let (u„)„ be an approximate unit 
of Im(<r"). Since v(cr"cr"*).ft = [w(Im(o-"))&], the net (w(u v )) u converges in strongly to 
v(<t"<j"*). Moreover, T£ = \\m v {T£)u v for each £, £ E [TBJ Proposition 3.2 (v)]. Therefore, 
we have for each ( £ B, ( 6 I, 

T£ ©^ u(o-)C = lim(T£K ©^ u(<r)C = hmT£ ©^ v{a" a"*)v{a)C, = T£ ©^ v{a")(, 

whence T ©^ v(a) = T v(cr"). A similar argument shows T ©^ v(o~") = T ©^ w(cr'). □ 

Proposition 3.2. There exists a functor I from the category of right C -B-B-bimodules, 
where the morphisms are all (p, a) -homogeneous operators with arbitrary p, a G 0, to the 
category of Hilbert spaces and bounded linear operators, given by 

• £n IE :— E Qtt & for each right C* -B-B-bimodule E, and 

• T — ► IT := T v(o~) for each (p, a) -homogeneous operator, where p, a G 0. 
This functor satisfies I(T*) — I(T)* for each morphism T. 

Proof. This follows easily from Lemma l3.1l and equation fl}. Q 

We want to apply the functor above to families of homogeneous operators that satisfy 
the following condition: 

Definition 3.3. Let E,F be right C* -B-B-bimodules. A family of closed subspaces **f C 
Jif(E,F) is 0-supported if for each p,a G PAut(B), the space is equal to the closed 
linear span of the spaces c € p , , where p' ,o~' G and p' < p, a < a' . 

Given right C*--B-_B-bimodules E, F, denote by Fam(_B, F) the set of all families of closed 
subspaces V C Jf(E,F), and by Fame(-E, F) C Fam(_E, F) the subset of all 0-supported 
families. For each V G Fam(_B, F), put 

J%? := span{ ic | c G Kg, p, a G 0} C C(IE, IF). 

Inserting the definitions, we find: 

Proposition 3.4. Let E,F,G be right C* -B-B-bimodules. Then 

J(X) = J{^)*, [J(f)J(f)]CJ[W] 
for all % J G Fam(£, F), & G Fam(F, G), and 

%T G Fam e (F,£'), [W] G Fam Q (E,G), [J(^)J(<*f)] = J[W] 

for allWe Fame (E,F), 3> £ Fame (F,G). □ 

4 From C*-bimodules over C*-algebras to C*-bimod- 
ules over C*-bases 

In this section, we use the assignments I and J to construct a functor from the category of 
right C*-bimodules over C*-algebras used in [111 115] to the category of C*-bimodules over 
C*-bases used in [121 [13] , and show that this functor preserves the relative tensor product. 
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4.1 The monoidal category of O-admissible C*-bimodules over 
a C*-algebra 

The theory developed in [1 1 1 1 15J is based on the notion of decomposable right C*-bimodules 
over a C*-algebra and on the internal tensor product of right C*-bimodules. In this subsec- 
tion, we review the category of decomposable right C*-bimodules, introduce the subcategory 
of G-admissible right C*-bimodules, and explain the monoidal structure of these categories 
that is induced by the internal tensor product. 

Throughout this subsection, we fix a C*-algebra B. 

Homogeneous elements of C*-bimodules 

Definition ([E]). Let E be a right C* -B-B-bvmodule and 9 g PAut(B). We call an element 
£ g E homogeneous if £ g BDom(fl) and £b = for all b g Dom(#). We denote by 

,J%g(E) the space of all 8 -homogeneous elements of E, and call E decomposable if the family 
Ji?(E) := (J%'(-E))e'ePAut(B) * s linearly dense in E. 

We also consider B as a right C*-_B-i3-bimodule and denote by J#g(B) C B the subspace 
of ^-homogeneous elements. By |15I Proposition 3.14], we have for each right C*-B-B- 
bimodule E, F and each p,a,9 g PAut(B): 

(M(E)\,_m,(E)) C M[g* e/) (B), je p (B)M> e (E)J%(B) C je (p0tr) (E), 

je e (E)j^ e , B) (B) = ,m{e) = ,jr {ee , ) (B),jr e (E), (2) 

J%{E,F)je e (E) C .Jf (p e^)(F), fl(*(B)nDom(9)) C Jf (M / fl .)(B). 

Definition 4.1. Let C PAut(B) be an inverse semigroup. We call a right C-B-B- 
bimodule E 

• O-decomposable if the family of subspaces J^e(E), where 9 g 0, is linearly dense in 
E; 

• 0-supported if for each 9 g PAut(B), the space J%fg(E) is the closed linear span of all 
subspaces ■jtffgi(E), where 9' g and 9' < 9. 

The two conditions are related to each other as follows: 

Proposition 4.2. Let C PAut(B) be an inverse semigroup such that B is O-supported, 
and let E be a right C* -B-B-bimodule. Then E is -decomposable if and only if it is 
decomposable and -supported. 

Proof. If E is decomposable and ©-supported, then clearly E is 0- decomposable. Con- 
versely, assume that E is ©-decomposable. Then E is decomposable, and we have to show 
that it is ©-supported. For each 9 g PAut(B), denote by Eg C J#e(E) the closed linear 
span of the spaces Jtffgi(E), where 9' g and 9' < 9. Then the family (Eg)g is linearly 
dense in E, and since B is 0-supported, EgJC{B) C E° BcT for all 9, a g PAut(B). Now, \TS\ 
Proposition 3.15] implies E° e = M(E) for all 9 g PAut(B). □ 

Let us describe a natural inverse semigroup C PAut(B) for which B is ©-supported. 

Definition 4.3. A partial automorphism 9 of a C* -algebra B is (separable) inner if there 
exist a (separable) ideal I C Z(B) and a unitary u g M(IB) such that Dom(#) = IB = 
Im(9) and 9(b) = ubu* for all b g IB. In that case, we write 8 = Ad„. We denote by 
PInn( sep ) (B) C PAut(B) the subset of all (separable) inner partial automorphisms of B. 

Lemma 4.4. Plnn(B) and PInn sep (B) are inverse subsemigroups of PAut(B). 

Proof. Let J, J C Z(B) be ideals and let u g M(IB),v g M(JB) be unitaries. Then 
(Ad u )* = Ad„* g Plnn(B). Since I n J C Z(IB n JB), the unitaries u,v restrict to 
unitaries u',v' g M(IB n JB). Now, Ad u oAd„ = Ad u /„/ g Plnn(B). If I and J are 
separable, then also I n J is separable. □ 
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Proposition 4.5. The right C* -B -B -btmodule B is PInn scp (P) -supported. 

Proof. By |151 Proposition 3.19 (iii)], there exists for each 9 G PAut(B) and h G Jife(B) a 
0' G PInn aep (B) such that 9' < and 6 e Jtfy (B). □ 

The definition of O-admissible C*-bimodules and the construction of the monoidal func- 
tor involve several ket-bra operators associated to homogeneous elements. Let £ be a right 
C**-P-P-bimodule, 9 G PAut(B), and £ G J#e{E), b G Jfe(B). By 15, Propositions 3.12, 
3.21], there exist homogeneous operators 

Z(0 = |0 G J2&{B,E), r(0 = |£] G J?g*(B, E), l E (b) G JS&(£), r E (b) G 2$(E) 

such that for all b' G B and £' G S, 

K06' = €6', r(06' = 6'€, l E {b)i' = b£,', r E {b)i' = 

= we = ${{&)), i E (byz' = b*z', r B (6)Y = ev. 

We define families 

l(Jf(E)) C £{ d (B,E), r(J#>(E)) C ,i? id (B,£), (3) 

such that Z(jT(£0)fd = K-^e(E)) and r(^f(£)) 1 s d = r(Jfg*(E)) for each (9 G PAut(B). 
Similarly, we define families l E (J^(B)) C if id (S) and r B (^(B)) C if id (£). 

Lemma 4.6. Let E be a right C -B-B -bvmodule. Then 

r(C)r(fe) = r(b0, r E (b)r(0 = r(£6), r(fli(&) = M%(0, r(f)*r(0 = KKO'O, 
= !(€*»). ^(6)'(0 = i(0r(6) = r B (6)I(0. = WO, 

51(0 =W, Tr(O = r(T0, 

/or a// homogeneous b £ B,£,£' £ E and S £ ^f d (E), T G J% id (.E), 9 G PAut(B). Pui 
<f := ana! ^ := JT(-B). If B is decomposable, then 

[r(*)r(#)] = r(*) = [r B (#)r(*)], [r(<?)V(<?)] C r(0), [J? id (E)r(<?)] = r(*), 

[i(<f)i(*)] = '(*) = M#)'(<*)]. KWcifa), [jsSd(B)/(^)] = !(<?). 

Proof. The first set of equations can be verified by straightforward calculations; we only 
prove r(0*r(O = for a11 & 6 P, 

r(OV(0)6 = r(0*(&0 = (IsPXO)**' = (r(0K&*))Y = KK0*O = KK0*£>- 

The equations in ((4]| follow directly from the equations above, equation and the fact 
that Z(B) = ,j*id(P) C B is nondegenerate [HI Proposition 3.20 (v)]. □ 

To construct the monoidal functor, we shall apply the map J constructed in Section 2 
to the families in ((3j). Then, the following condition on the inverse semigroup O turns out 
to be useful: 

Definition 4.7. We call an inverse semigroup 9 C PAut(P) admissible if B is Q-supported, 
ids 6 0, and 6 A 6' G 9 for all 9, 9' G 9. 

Definition 4.8. Let 9 C PAut(B) be an admissible inverse semigroup. A right C*-B-B- 
bimodule E is 9-admissible if it is 9 -decomposable and 

[l(J*?(E)yi(Jtf(E))] = 1{M\B)), [r{M\E))'r{^{E))] = r(JT(S)). 

Proposition 14.21 immediately implies: 

Corollary 4.9. Let 9 C PAut(P) be an admissible inverse semigroup and let E be a 9- 
admissible right C* -B-B-bimodule. Then the families in Q are Q-supported. □ 
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The internal tensor product The category B-bimod of all right C*-B-B-bimodules 
carries a monoidal structure, where B is the unit and for all objects E, F, G and all mor- 
phisms S, T, 

• E F := E © F and S © T := S © T, 

• a E , F ,G ■ {E © F) © G -> £ © (F © G) is given by (77 © © C >-> V © (£ © 0, 

• Ie: B ® E —> E, rE'. E ® B —> E are given by b © £ i— > 60 £ © 6 i— > £6, respectively. 

Let C PAut(B) be an admissible inverse semigroup. We shall show that the internal 
tensor product of 0-admissible right C*-_B-i3-bimodules E and F is O-admissible again. 
The proof involves the following generalized ket-bra operators. By [151 Proposition 3.13], 
there exist for each 8 G PAut(B), £ G Jfe(E), rj G Me(F) operators 

|0! €£&(F,EQF), |02 eJ?&{F,F©E), \ v ] 2 €^i(E,E©F), \rj[t e&${E,F©E) 
such that for all 6 E and r/' e F 

\0W = \0W = r?'©0 |r,]20 = 0@7,, |r?]i0 = ??©0, 

(0i(0 © V) = <00)r/ = «|a(i/ © 0> MM © '?') = friivW)) = [VW © O- 
We define families 

|/(£))iCy id (F,£@F), |^°(i r )]2 C^ id (E,EQF) (5) 

such that (|J^°(£J))i)f d = \ J%(E))i and (|Jf(F)] 2 ) 1 e d = \J%)* (F)] 2 for all 6 PAut(B). 

Proposition 4.10. iet _B and _F fee O-admissible right C* -B-B-bimodules. Then also 
the right C* -B-B-bimodule E © F is O -admissible. For each 9" G PAut(_B), the space 
J#fftr(E®F) is the closed linear span of the subspaces J4%(E) © J%i(F), where 9,9' £ and 
99' < 8" , in particular, 

l(JT(E © F)) = [\J#*(E))il(Jf(F))], r(je(E © F)) = [\Jt*(F)] a r(je(E))]. (6) 

Proo/. By [13 Proposition 3.17], the space J>tf e „(E©F) is for each 0" G PAut(B) the closed 
linear span of the subspaces J^e(E)QJ^ e , (F), where 9, 9' G PAut(B) and 99' < 9". Equation 
§6§ follows. Since E and F are O-supported, the same statement holds if we allow 9, 9' to 
take values in 9 only. Put S := Jf(E), & := JT(F), := je(E © F), and 38 := Jt(B). 
Using Lemma 14.61 and the assumptions on E and F, we find 

= = [l{,9)*l{,9)\ = 1{3S), 

[r(«f)*r(^)] = [r(#)*[^-| 2 |^"] 2 r(#)] = [r(<f)*r B (^)K^)] 

= [r(<f)*r([<^])] = [r(^)*r((f)] = r(^). □ 

Remark 4.11. Given a right C*-B-B-bimodule G and homogeneous elements 00 G G, 
define [C]C] : = KOT G Then for all right C-B-B-bimodules E, F and all homogeneous 
00 G £,77,7/ G F , we have [09»/|0©7/] = r(0* M 2 (0©t/) = r(0* (^WV) = KI^'M*/]]- 
This formula resembles the formula {£ @77|0 ©7?') = {£,\{'n\ r l')^'} used in the definition of the 
internal tensor product of right C*-bimodules and is the natural choice for the definition of 
the internal tensor product of left C*-bimodules. 

The main result of this subsection is: 

Corollary 4.12. Let O C PAut(_B) be an admissible inverse semigroup. Then the full 
subcategory (B,0)-bimod of B-bimod that consists of all O-admissible right C* -B-B- 
bimodules is monoidal. □ 
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Remark 4.13. The flipped internal tensor product defines another monoidal structure on 
the category (B, 0)-bimod, where B is the unit again and for all objects E, F, G and all 
morphisms S, T, 

• E flip F := E © F and S flip T := 5 © T, 

• a E P F,c '• (E © F) © G —> E © (F © G) is given by (tj © £) © C >-> jy © (£ © (), 

• i^ ip : B © E ^ E, r% lp : E © B -> £ are given by 6 © £ i-> £6, £ © 6 h-> b£, respectively. 
Denote this monoidal category by (B, 0)-bimod fllp . 

4.2 The monoidal category of C*-bimodules over a C*-base 

The theory developed in [121 113] is based on the notion of a C*-bimodule over a C*-base, 
which in turn is based on the notion of a C*-factorization. 

Definition ([13]). A C*-base is a triple (.$3,53,2$'), shortly written aft^t, consisting of a 
Hilbert space Sj and two commuting nondegenerate C* -algebras 23, 23 ^ C C(Sj). 

Let H be a Hilbert space and asftjgt a C* -base. A C*-factorization of H with respect to 
•eft^t is a closed subspace a C C(S),H) satisfying [a* a] = 23, [a23] = a, and [aSj] = H. 
We denote the set of all such C* -factorizations by C*-fact(J/; <8ft<8t)- 

Let a be a C*-factorization of a Hilbert space H with respect to a C*-base sfttgt- Then 
a is a concrete C*-module and a full right C*-module over 23 with respect to the inner 
product (£|£') := £*£'. Moreover, we can identify a © Sj and ft © a with H via the unitaries 

m a : a © Sj -> ff, £ © C ^ £C> «C = ft © « -» H, ( © £ ^ £C, (7) 

and there exists a nondegenerate and faithful representation p a : 23 ' — > C{H) such that 

p a (& f )£C = £& f C for all 6 f G 23 f , £ G a, C G ft; 

see [131 Subsection 2.1]. 

Let (3 be a C*-factorization of a Hilbert space if with respect to sft»t- We put 

C{H a ,K g ) := {T G £(#,#) \TaC/3, T* (3 C a}. 

Each T G C(H a , Kp) defines an operator T a G £is(a, /3) by £ i— ► T£ with adjoint r/ i— > T*^. 
Moreover, the relation Tp a (b 1 )^( = T&C = P^b^T^, valid for all £ G a, ( G ft implies 

rp a (6 f ) =P /3 (6 t )T forallTG£( J F/ Q , J R" (3 ),& t G23 t . (8) 

Let £^ c t be a C*-base. We call a C*-factorization /3 G C*-fact(J7; c^t) compatible with 
a, written a _L /3, if [p a (23^)/3] = (5 and [p^(£^)q] = a. In that case, p a (23 t ) C C(Hp) and 
P/3(^ t ) S £.(H a ); in particular, these C*-algebras commute. 

Definition 4.14. Lei sgfttgt a^rf e^et ^ e C* -bases. A C'-Qjfttgt-c-Ket-bimodule is a triple 
(H,P,a), briefly denoted by pH a , consisting of a Hilbert space H and compatible C* - 
factorizations a G C*-fact(-ff; c^ £ t) and (3 G C*-fact(if; sgtft® )■ 

Let sftst an d £-^ct be C*-bases as before. Moreover, let H and K be Hilbert spaces 
with C*-factorizations a G C*-fact(ff; cgft<gt) an d 5 G C*-fact(A"; .gtfts )• The C* -relative 
tensor product of if and K with respect to a and <5 is the Hilbert space 

H a ® s K := a © <8ft<st © 5. 
J5 

The unitaries ([7]) induce isomorphisms 

a Q PS K < H a ® s K H Pa ©p, 

*> (9) 

C©p 5 ??<^<£@<b (<si©v CCpc©??- 
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Using these isomorphisms, we define for each £ G a and r\ G S two pairs of adjoint operators 
|0i : K -► F a 8>«Jf, C ^ I © w, <€U := \t)i ■ ? © w ^ A5«£|0)<"> 

|??>2 : H — » H a ® s K, lo h-> w © »?, (r?| 2 := |??>2 : w © »7 ^ Pa((»7l»?')V- 
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We put |q)i := | £ G a} and similarly define (a|i, | <5) 2 , (<5|2- 

For each C*-factorization j3 G C*-fact(_ff; e-ft c t) that is compatible with a, the space 

/3<5 — [\S) 2 0\ C C{&,H a ® 5 K) 

is a C*-factorization of H a ®gK with respect to s^t; likewise, for each C*-factorization 

u 

7 G C*-fact(ff; c^ct) that is compatible with 7, the space 

q>7 := [|q)i7] C C(S,H a ® s K) 

Si 

is a C*-factorization of H a ®sK with respect to c-S^t (131 Proposition 2.7]. 

Let L and M be Hilbert spaces with C*-factorizations /3 G C*-fact(L; Qjfitgt) and 7 G 
C*-fact(M; tgt^®)- Then there exists for each S G £(H a ,Lp), T G jC(Kg, M 7 ) an operator 

T := S a @id@T 4 G £(H a ® 5 K, L I3 ® 1 M). 

The class of all C^-tgfjtgt-c-^et-bimodules forms a category with respect to the morphisms 
C(j>H a , e K y ) := C(H a ,K-y)nC(H ,K s ), 

as one can easily verify. If = 'sft'su we denote this category by ^ij^t-bimod. 

Theorem 4.15. The category <8i},gt-bimod carries a structure of a monoidal category, 
where <gt^B is the unit and for all objects pH a , sK^, ,pL c and all morphisms S,T, 

dS , 0T = S©T, 

• a { /3 H a , s K^ l , <l> L e ) is composition of the isomorphism 

m (cv> >©id (id@m° p )@id 

(tfa©^)^)®^ ► (if„®jif)p M e?i > a Q PS K Pl ©<l> (10) 

with the inverse of the isomorphism 

id @ m °S<^) id©(m 7 ©id) 

H^^^Ky^^L) ► a (iv 7 <8>0-L) ► a @ Pa K p ^Q(/>, (11) 

• l(pH a ) an d T(pH a ) are given by the compositions 

rr m™@id _ m °/ rr „ „ , id@m t 

Si 8 
Proof. Straightforward. □ 
Remark 4.16. More explicitly, the isomorphisms (|10p and f) are given by 

[|a)i7] © ®i5 B t © -> « ©p s K p ^Q(j}, a © ®5<8t © [](/>) 2$] -> a © P(5 K p ^©(f>, 

\C)iri ©C©^^C©f?C©^, C©C© I^W <-» £ © »y'C © 

respectively, and l(^H a ) an d r(„H a ) are given by 

© © 03^«Bt ©(3 ^ H, 6@C©C^ £&C, « © SS#S8t © ® t -> »? © C © &t ^ ^ f C- 
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4.3 The monoidal functor 

We fix the following data: 

• a decomposable C*-algebra B with an admissible inverse semigroup O C PAut(B), 

• a covariant representation (n,v) of (B, O) on a Hilbert space R (see Section 3), where 
7r is faithful. 

We define I and J as in Section 3, and put 

Sj:=IB, 23 := Jl(Jf(B)) C £(Sj), 23 f := Jr(J#*(B)) C C(Sj). 

Proposition 4.17. <8.f)<3}t is a C* -base. 

Proof. Put £3 := ,Jf(B). By assumption on Q, the families 1(38) and r(SS) are 0-supported. 
By Proposition[331 [23*23] = J[Z(^)*Z(^)] = JZ(^) = 93 and [(OS 1 ")*® 1 "] = J[r(^)*r(^)] = 
Jr(3S) — 23', so 23 and 23 * are C*-algebras. They commute because they are the closed 
linear span of operators of the form 11(b) and Ir(c), respectively, where b € J@g(B),c £ 
je g ,(B) for some 0,6' € e and I(l(b))I(r(c)) = I(H(&)r(c)) = J(r(c)/(&)) = I(l(b))I(r(c)) 
for all such 6, c by Proposition ^. 21 Finally, 23 and 23 * act nondegenerately on 55 because the 
inclusion Z(-B) = Jtf(d(B) C _B is nondegenerate |1 5 L Proposition 3.20 (v)] and Z(_B)@^id C 
23 l~l 23^ acts nondegenerately on B @^ .ft = Sj. □ 

We construct a functor from the category of 0-admissible right C'-B-B-bimodules to 
the category of C'-tgf) tgt-a^sgt-bimodules. First, we assign to every O-admissible right 
C*-.B- B-bimodule a right C*-(g£)<8t-!8^>!8t"bimodule: 
Proposition 4.18. Let E be a O -admissible C* -bimodule over B. Then 

/3(E) := Jr(Jf(E)) C C(Sj, IE) and a(E) := Jl(Jf(E)) C IS) 

are compatible C* -factorizations of IE with respect to tgt^lB as^st; respectively. The 
representations pg( E ) ■ 23 — ► C(IE) and p a ( E ) '■ — * £(JE) are given by 

pp {E) (Il(b)) = Il E (b) and p a{E) (Ir(b)) = Ir E (b) (12) 

/or all b £ Jf e (B), 9eQ. 

Proof. Put S := Jf(E) and 88 := Jtf(B). First, we show that (3(E) is a C* -factorization of 
Ji5 with respect to gt-fi® • Using equation @ and the assumptions on E, we find 

[/3(£)*/3(i?)] = J[r(S)*r(S)] = Jr(^) = 23 f , \fi(E)&] = J[r(*)r(#)] = Jr(<f) = (3(E), 

\J3(E)$)] = ^2r(S e )B ©^ v(6)& D ^Ve 7r(Im(0))J! = ©^ J? = £ £. 

see see see 

Therefore, /3(-E) is a C*-factorization as claimed. By definition of (3(E) and pm E \, Lemma 
EM and Proposition^! p 0(E) (Il(b))Ir(£) = I(r(£))I(l(b)) = I(l E (b))I(r(£)) for all b e B, 
£ £ <?e, G 0. This calculation proves the formula for P/3(s) in f(T2|) . 

Similar calculations show that a(_E) is a C*-factorization of IE with respect to <gi3 B t, 
and that p a (E) is given by the formula in (I12|l . 

Finally, by equation (|12p . Proposition 13.41 and Lemma [4.61 

[p Q(E )(23 t )/3(i5)] = J[r B (#M*)] = Jr(<?) = 0(E), 
[p 0{E) QB)a(E)] = J[/b(^)/(^)] = Jl(S) = a(B), 

so a(E) and /3(-B) are compatible. □ 
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Remark 4.19. Let F be a right C*-module over B. Then for each £ G F, there exists an 
operator G Cb{B,E) such that l(£)b = b for all b £ B. One easily verifies that the map 
B — > C(IB) given by 6 h- > 1(b) ©tt id defines an isomorphism <£>s : B -> !B of C*-algebras. 
Let E be an admissible right C*-F-F-bimodule and identify B with 23 via f&B- Then the 
map E — > C(IB,IE) given by £ h-» Z(£) id defines an isomorphism <& E : £ — » a(F) of 
C* -modules over B = 23. 

The next step is to consider morphisms of right C*-F-F-bimodules: 

Proposition 4.20. Let E and F be Q -admissible C* -bimodules over B. Then the assign- 
ment T i ► IT defines a bisection of Cg(E, F) with C(p( E )I{E) a ( E ), (3 ( F )/(F) Q ( F )) . 

Proof. Let T £ £f(F,F). We claim that IT £ C( 0(E) I(E) a(E) , p (F) I(F) a(F) ). Indeed, 
since TJf e (E) C ^(F) for all G 9, 

I(T)a(E) C J[TZ(J^(S))] C Jl(je(F)) = a(F), 
I(T)/3(F) C JpV(JT(£))] C Jr(^(F)) = /3(F), 

and similar calculations show that J(T)*a(F) C a(F) and I(T)*f3{F) C /3(F). 
Since 7r is faithful, the assignment T i— ► JT = T © n id is injective. 

Finally, let S £ £ ( /3(B) /(F) cl(E) , /3(F) /(F) a(F) ) . We show that S = IT for some T £ 
Cg(E,F). Since Sa(E) C a(F) and S*a(F) C a(F), the operator S defines an operator 
5 a(B ) £ C<s(a(E),a(F)) via i-> Su. Put T := ^S^e^b 6 £s(F,F), where $ F and 
$_b are as in Remark 14. f 91 By Lemma 14.61 

I(T)I(J(£)) = 1(27(0) = I(K^0) = for all £ g Mg(E),9 £ Q. 

Since [J(i(,_^(F)))i5] = -TF, we can conclude JT = S. The assumption on S and equation 
© imply that for all b £ J#g(B), 9 g 6, 

I(TZ fl (6)) = I(T)I(l E (b)) = Sp 0iE) (Il(b)) = p 0{F) (Il(b))S = I(l F (b))I(T) = I(l F (b)T). 

Since 7T is injectve and B is O-decomposable, we can conclude T £ £|(F,F). □ 

Corollary 4.21. There exists a full and faithful functor 

(B, 0)-bimod — + aji^t-bimod 

defined on objects by E i— > p( E )I(E) a ( E \ and on morphisms by T i— > JT. □ 

We show that the functor constructed above is monoidal. Let F and F be O-admissible 
right C*-B-B-bimodules. Then there exists an isomorphism 

i~ E , F '. I(E) a(E) ® g(F) I(F) ^q(F) © P/3(f) 1(F) -£ >E©F© 7T & = I(E©F), 

where & E : F — ► a{E) denotes the isomorphism £ i— ► Z(£) ©„■ id, see Remark 14. f 91 Explicitly, 
te,f is given by 

11(0 © @t C) © M»7) | -" £ © bf] ©x u(0')C 

for all b ©TV C € £ , £ G -M(E), n £ £f 9 , (F), 0, 0' G 9. Clearly, r B , F is natural in F and F. 

Recall the families |«#(F))i C if id (F,F © F) and |«#(F)] 2 C «£f id (F,F © F) defined 
before Proposition 14. 1U1 Straightforward calculations show 

r EtF \a(E))x = J\3^(E))\ C £(IF, I(F © F)), 
T E , F \f3(F))2 = J\Jf(F)]2 C C(IE, 7(F © F)). 
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Proposition 4.22. Let E and F be O-admissible right C* -B-B-bimodules. Then 

r E , F (a(E) > a(F)) = a(E © F), t e ,f(P(E) < /3(F)) = f3(E © F). 

Proof. Put G ~ E®F. By equation US} and Propositions 1511 ETTU1 

r E , F ( a (E) > a(F)) = t e , f [|q(F)) 1 q(F)] = J[\Jtf(E))il(J^(F))] = Jl(Jt°{G)) = q(G), 
t e , f (0(E) < /3(F)) = r B , F [|/3(F)) 2 /3(F)] = J[[jr(F)] a r(JT(B))] = Jr(#{G)) = /3(G). □ 

Recall that by definition, p(B){IB) a (B) — ®t^<8- 

Theorem 4.23. The full and faithful functor (F,0)-bimod — > ;g£)?8t-bimod together 
with the natural transformation r defined above and the identity e := id is a monoidal 

functor. 

Proof. The main step is Proposition 14.221 the rest is straightforward but tedious. □ 

For later use, we note the following analogue of proposition 14.221 

Proposition 4.24. Let E be a right C* -module over B, let F be Q-admissible right C* - 
B-B-bimodule, and let ir: B — > C B (F) be a nondegenerate representation. Then E ©^ F 
is a O-admissible right C* -B-B-bimodule with respect to the left multiplication given by 
&(? @t v) = £ ©t bn for allb£B,££E,rj£F, and 

a(E ©^ F) = J[|F)i/(F)], /3(E ©„ F) = J[\E) ir (F)]. 

Proof. This follows from similar calculations as in the proof of Proposition 14.221 and from 
the relation J%(E Q n F) = E Q n Me(F), which holds for all 9 G PAut(F) Proposition 
3.18]. □ 

5 From C*-families to C^-sgi^t-algebras 

In this section, we extend J to a functor from the category of generalized C*-algebras, 
more precisely, the O-admissible G*-families used in [111 I15j . to the category of concrete 
C*-algebras over C*-bases used in [121113] . Moreover, we show that this functor embeds the 
fiber product of C*-families into the fiber product of C*-algebras. 

5.1 The monoidal category of O-admissible C*-families 

To define the legs of a pseudo-multiplicative unitary in the form of Hopf C*-bimodules, we 
introduced in [111115] a monoidal category of generalized C*-algebras: C*-families consisting 
of homogeneous operators on C*-bimodules, morphisms of such C*-families, and fiber prod- 
ucts of C-families and morphisms. In the following paragraphs, we recall these concepts 
and introduce the class of normal morphisms. As before, let B be a fixed C*-algebra. 

Definition ([E]). Let E be a right C -B-B-bimodule. A C*-family on E is a family of 
closed subspaces C Jzf(F) satisfying = ¥ '. We call such a C* -family V nondegen- 

erate if [ffE] = E, and define its multiplier C*-family C J£(E) by 

JZ{ c €) p a := {T £ ^S(E) | [TV], [VT] C %?} for all p G PAut(B),cr G PAut(B). 

Let F be a right C*-F-F-bimodule. Then the family ff[E) C «5f (F) given by 

0{E)% ~ [lE(Jf P (B))r E (JC*(B))} for all p, a G PAut(B) 

is a C*-family [151 Proposition 3.21]. 
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Definition 5.1. Let G C PAut(F) be an admissible inverse semigroup. A C* -family *if on 
a right C* -B -B -bimodule E is 0-admissible if E is Q-admissible, ^ is nondegenerate and 
Q-supported, \€G(E)\ C and pC^ p I p (F)] = V§ for all p,a G 6. 

Remark 5.2. Let G C PAut(F) be an admissible inverse semigroup and E a 0-admissible 
right C*-F-B-bimodule. Then the C*-family ff(E) is B-admissible, as one can easily check. 

The following C* -family will turn out to be the unit for the fiber product: 
Proposition 5.3. Let G C PAut(B) be an admissible inverse semigroup. Put $3 := .j%?(B). 
i) Let p,o,0 G PAut(F), a € 33 p , c G 8$ a * , d G BSb'B. Then the map 

k a \c '■ B — > B, b \— > 9(abcd), 
is a (8 p, 6a) -homogeneous operator, 
ii) The family X{B; G) C ££{B) given by 

Jff,'(B;0) := spEn{k e a ' d \ a G 8§ p , b G B§ a * , d G @ e *0,p,ff,6 £6,9p< p',6a < a'} 
is a Q-admissible C* -family. 

Proof. For all 6 G PAut(F) and d G BS , e , define s B ' d : B -> B by b i-> 6{bd). 

i) Since k B a ' d c = s B ' d o l{a)r(c), it suffices to prove s M G ^g(B). Evidently, Ims M C 
Im(6>)F and s^ d (6'b) = 6{b')s e ' d {b) for all fe' G Dom(0), 6 G B. Moreover, for all b, b' G B, 

{b\s e - d b') = b*e{b'd) = 0(0*(b*6(d))b') = 0{0*{bO{d*)Yb') = 9{{s e "- e{d " ) b\b')); 

here, we used the fact that d is central. Note that 8(d*) G SSee* by [151 Proposition 3.20]. 

ii) Let a, c, d as in i), where p, o, 9 G 0. Write d = d a d'd c with d a ,d' ,d c G >^e*9 and put 
a' := 0*{a0(da)) and c' := 6*(6(d c )c). Then a' G .^.ps, c' G ^e* CT «e, and 

aO(bd)c = a9(d a )6(bd')6(d c )c = 9(a'bd'c) for all b £ B. 

Therefore, l(a)r{c)os e ' d — s e ' d ol(a')r{c). Combining this observation with the results from 
(the proof of) i), we can conclude that X(B\Qi) is a C*-family. By definition, X(B\ G) 
is G-supported. Using the facts that B is G-decomposable, ids G 0, and that ff(B) is 
G-supported, one easily verifies that the C*-family ,Xf(B\ G) is nondegenerate and satisfies 
[JT(B; Q)G(B)\ = Jf(B; G). 

Finally, if a,b,c,d and d a ,d',d c are as above, then fcf'f = k^' d a cd = s s ' d o l(d a a)r(cd c ) 
and l{d a a)r(cd c ) G G<^,{B), where p' = 0*6>p and cr' = 6>*6*cr. By [15] Remark 3.9 (ii)], 
K'(B) = W P AB)ff p ^,{B)], and hence 

g [jr//(B;G)^;:^(s)] = [j^/(B ; e)^:g:ss(B)]. 

Consequently, Jf/(B; G) C pr/(F; G)^ P I P (B)] for all p, o G G. □ 

The fiber product of C*-families is defined as follows. Let E and F be right C*-B-B- 
bimodules and let C j?(E) and Q C Jf(F) be families of closed subspaces. We call two 
partial automorphisms p, a G PAut(B) compatible and write p _L ct if per* < id and p*er < id. 
By [151 Proposition 5.3], there exists for all p, p', tr, a' G PAut(F) satisfying <r' _L p' a map 

J? p (F) x if/ (F) -» J^ p (F © F ) , (5, T) ^ S © T, 

where (S 1 © T)(£ © v) = S£ © T V for all S G if p , (F), T G JSf/ (F) and £ G F, 77 G F. 
We define a family of closed subspaces ?@®Ci?(£§F) by 

("if© S>) p := span{c© d | c G c € p , , d G S? p ' , cr',p' G PAut(B) compatible} 

for all p, a G PAut(B). If ^ and ^ are (nondegenerate) C*-families, then so is ^ © as 
one can easily check. Moreover, in that case, ^{'tf) © ^#(£i*) C Mi^€ © ^). 
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Proposition 5.4. Let Q C PAut(B) be an admissible inverse semigroup. If If and 3 are 
Q-admissible C* -families, then so is V Q 3) '. 

Proof. Let ^ and Q be O-admissible C*-families on right C'-B-B-bimodules E and F, 
respectively, and put SB := Jf(B). Then E © F is 0-admissible by Proposition 14.101 
^ © & is nondegenerate and O-supported by construction and assumption of ^ and 9, and 
[(¥ © ^)<?(.E © F)] = [¥l E (&)] © \&tf{SS)\ C © 0. Finally, by assumption on %? and 

[(* © 9)>0£ p a (E © F)] = [(» © S)i(l B (a^ P ) © M«^))] = (V @ 
for each p,a £ 6. □ 

In (111 115] , we introduced a rather unwieldy notion of morphisms between C*-families. 
For our purposes, it suffices to consider the following special class of morphisms: 

Definition 5.5. Let *rf and 3) be C* -families on right C* -B-B-bimodules E and F , respec- 
tively. A normal morphism from 'W to S> is a family of maps § p a : — > given for all 
p,a G PAut(B), such that [I$E] = F, where 

I4, := {T G C B {E,F) I Tc = <#(c)T and cT* = T* <j> p a (c) 

for all c£?^ and p,a e PAut(B)}. (14) 

A normal morphism cj> is nondegenerate if ' [(j)^) S>] — &>, where <f>&) = ([^a{^)])p,<r- 

Evidently, the composition of normal morphisms is a normal morphism again. Moreover, 
normal morphisms preserve all structure maps: 

Proposition 5.6. Let V and £F be C* -families on right C* -B-B-bimodules E and F, re- 
spectively, and let <j> = {4>a)p,a be a normal morphism from "af to S>. 

i) For all p, p', a, a' G PAut(B), c, c" G , d G and A, fl € C 

^(A C + /xc") = A#(c) + W£(c"), #(c)#',(c') = (#(c))* = ^(c*), 

0S(<O = </£'( c ) if P < p',cr <a'. 

In particular, (j>\^: "afjj — > is a *-homomorphism of C* -algebras, and (fr^) is a 
C* -family. 

ii) IftfQ jf(E) is nondegenerate, then also <f)( c ^') f= ^{F) is nondegenerate. 
in) If {tfff(E)] C %f, then for all p,o,0 G PAut(B), c G 6 € M{B), 

€e*{cr E {b)) = <%(c)r F (b), # 9 (cI B (6)) = <t£{c)l F {b); 

in particular, [<f>(tf)e(F)] C 0(<«f). 
iwj // V and F are Q-admissible, then <j>(f&) is Q-admissible. 

Proof, i) The equations follow from the facts that [I<j,E] = F and that for all T G 1$, 

0S(Ac + p C ")T = T(Ac + pc") = \Tc+pTc" = (A^(c) + p,(f> P r (c"))T, 

<t> p a i{cc')T = Tec' = </£(c)Tc' = #(c)#V)T, 

(#(c))*T = (T*</£(c))* = (cT*)* = Tc* = #;(c*)T. 

ii) Evident from the relation = [<j>{^)I^E] = [I^£E] = [I,j,E] = F. 

iii) The equations follow from the facts that [I&E] = F and that for all T G 1$, 

€e-{cr E {b))T = Tcr E (b) = ^{c)Tr E {b) = 4> P a {c)r E {b)T, 
Ke(<XE(b))T = Tcl E (b) = 4> p a {c)Tl E {b) = <^(c)/ F (&)T. 

iv) This follows easily from i)-hi). □ 
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Normal morphisms are morphisms in the sense of |1U I15| : 

Proposition 5.7. Let ^ and S> be C* -families on right C* -B-B-bimodules E and F , respec- 
tively, and let <f> be a normal morphism from If to 9. Then for each right C* -C-B-bimodule 
X and each right C* -B-C-bimodule Y , there exists a unique *-homomorphism 

: (jzf(X) © <*f © 2(Y))* -» (jSf(X) © 9 © 2<y))" 

such that for all U G J5fj d (X), c G , V G ^(V), tr,<r',p,p' G PAut(B), lufcere cr 1 p' , 
a' Lp, 

4>y{U QcQV) = U ©4>"Ac)©V. (15) 

Proof. Let X, Y as above, put J := idx ©7^ ©idy, and let R G (j2f(.X")© , if ©J2f(y))^. Since 
every element of J£i^ commutes with every element of 'af, every element of /*/ commutes 
with R, and (Sv\TRuj) = (v\S*TRu)) = (v\RS*Tuj) = (SR*v\Tu>) for all S,T G J and 
G X@_E©y. By assumption on <j), elements of the form Sv and Tu> as above are 
linearly dense in X © F © y. Therefore, the maps 

0f (#)*: X @F©y -» X©F©y Svt-^SR*v, 
(py(R)- X©F©Y ~^XQF©Y, Tlo^TRlo, 

where S,T G I and G XQEQY , are well-defined and form an adjoint pair of operators. 
By definition, equation holds; in particular, 0f ((jz?(X) © ^ © if (y))|d) Q i&(X) © 
®<3&(Y))H. □ 

Proposition 5.8. £ei "if and 9 be nondegenerate C* -families on right C* -B-B-bimodules 
E and F, respectively, and let cj> be a normal nondegenerate morphism from W to ./M(9~). 
Then <f> extends uniquely to a normal morphism <j) from ("if) to .4% (9). 

Proof. The proof is similar to the proof above. Let R G ^(^€Y a , where p, a G PAut(B). 
Since every element of commutes with every element of and acts nondegenerately 
on E, every element of I^I^ commutes with R. Therefore, {Sv\TRia} — a((SR*v\Tu>}) for 
all S,T G 1$ and v,lj G E. Since [I<f,E] = E, the maps 

: F -> F, Sun S-R*u, and : F -> F, T i— > T-Rw, 

where S,T £ 1$ and v,u> £ E, are well-defined. One easily checks that 4>a{R)* £ -2^* (F) 
and 4%(R) G 5£§{F). 

Letting p, a, i? vary, we obtain a family of maps ((/>%■) p ,cj, where each extends <$>%. Since 
is nondegenerate, $>{JH?g))®\ = [<£(^(^))<£(V)f ] = [4>(Jlf (<#)<#) ®] = = 0, so 

that <j>(^f( c ^')) C ^{9). Clearly, C Jt, whence is a normal morphism. □ 

The fiber product is functorial in the following sense: 

Proposition 5.9. Let <j>: so? — > SS and ip : V — > ^ fee normal morphisms of C -families on 
right C* -B-B-bimodules. Then there exists a unique normal morphism <f> © ip : id © ^ — > 
83 ©9 such that 

(^©V)S(o©c) = ^,(o)@^S'(c) (16) 
/or a// a G .c/f,, c G p,p',&, a' G PAut(S), lu/iere a' 1 p'. 
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Proof. We follow the same scheme as in the proofs of Propositions 15.71 and 15.81 Denote 
by E and F the underlying C*-bimodules of si © and !%$ © 3!, respectively, and put 
I := I4, Q I4, C £§{E,F). 

Let p,a G PAut(B) and R G {si © Since every element of 1*1 commutes with 

R, we have (Sv\TRu) = o-({SR*v\Tlu)) for all S, T G I and v, to G E. Since [IE] = F by 
assumption on and 7/1, the maps 

{<P©iP) P r (Ry:F^F,Sv^SR"'v, and (0 © tp)^(R) : F ^ F, Tu) 1— > TRu, 

are well-defined, and one easily checks that (0@^)£(7?)* G Sf£{F), {<f> Q ip) p a {R) G &g{F). 

Letting p, a, R vary, we obtain a family of maps {{<p © i/>)2) p ,o-. One readily verifies 
that equation (|16p holds; in particular, the image of (<j> © tp) p is contained in ,3? © By 
definition, / C I^q,^, whence cj> © ip is a normal morphism. □ 

Let <f>: si —* ^K{3§) and 1/): ^ — > ^£{S>) be nondegenerate normal morphism of nonde- 
generate C*-families on right C*-B-B-bimodules. Then we obtain a nondegenerate normal 
morphism 

c/>@y>: si ®<g ^> Jt{®)®Jt{g>)<-^ Jt{m®9l), 

which we denote by <p © ip again. 

Let O C PAut(B) be an admissible inverse semigroup. We denote by (B, 0)-C*-family 
the category whose objects are all O-admissible C*-families on right C*-B-B-bimodules and 
whose morphisms from a family f to a family 3) are all nondegenerate normal morphisms 
from to JK{9). 

Theorem 5.10. The category (B, B)-C*-family carries a structure of a monoidal cate- 
gory, where X{B; 0) is the unit and for all O-admissible C* -families si ', c €, Si on C* -B-B- 
bimodules E, F, G and all morphisms <p, ip, 

• Q 3 = 't? © 3> and <f> ip = cf> © ip, 

• the isomorphisms 

a^,v,s> ■■ {si © V) © S> ->■ si @ (<«f © &), 
Jf{B;®)©<£ -^<g, r v : <£©X{B;0) <*f 
are given by conjugation by the isomorphisms 

ctE,F,G '■ (E Q F) Q G —> E Q (G © G), l E :B©E^E, r E : EQB -> E. 

Proof. Almost all details that have to be checked are straightforward; we only prove that 
for each O-admissible C*-family ^ on a right C*-_B-i3-bimodule E, the morphism l<# is an 
isomorphism. Put 33 := Jtf{B). 

Let p,o- 6 & and x G Since = {E)], we can write x = x'l E {a) with 

x' G and a G 33p* p . Then the operator s p ' a : B — > B given by i) n p{ba) belongs to 
Xf{B;Q), and 

xl E (6 © C) = xbi = x'abi = p(ab)x'Z = l E {s p ' a b© x'£) for all b G B, £ G £, 

showing that x = Ad; E (s p ' a © as') G Ad; E {{X{B; 6) © Since ^ is ©-supported, we 

can conclude ^ C Ad LE {X{B; 6) © fc 7 ). 

Conversely, let x be as above and let p',a',9 G O, a G .^ p ', c G 3$ a >*, d G ^e*e such 
that p _L 6»cr'. Write d = d a d c with d a ,d c G 88e*e- Then bcd c = a'{cd c b) for all & G B by [TU 
Proposition 3.20], and hence 

lE{k e a ' d c b © O = 8{abcd)x£, = 6{ada)0{o' {cd c b))x£ 

= 9{ad a )xcd c b^ = l E {9{ad a ))xl E {cd c )l E {b © £) 

for all 6 G B, £ G £7. Since [Vff{E)] C "if, 0(ad a ) G ^ ep / e . , cd c G 3§ a >* e *e, and po-'*^* 6> < 0, 
we have l E {e{ad a ))xl E {cd c ) G <jf9/»'V*e*fl c Consequently, Ad LE 6) © %f) C 

*f. □ 
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5.2 The category of concrete C*-<B^( B t-sBti3>B-algebras 

In [13], we introduced a fiber product for certain C*-algebras represented on C*-bimodules, 
and used this construction to define reduced Hopf C*-bimodules. Let us review the pertain- 
ing definitions. Throughout this subsection, let a-fl^t be a C*-base. 

Definition ( 12, 13]). A (nondegenerate) concrete C*-asi5( 8 t-algebra (H, A, a), briefly writ- 
ten (H a , A), consists of a Hilbert space H, a (nondegenerate) C* -algebra A C C(H), and a 
C* -factorization a G C*-fact(//; as^^t) suc h that p a (23*)A C A. If (H a ,A) is a nondegen- 
erate concrete C* -<b Sj^j-algebra, then A' C p^QS')'. 

Let (H a , A) and (Kp,B) be concrete C* -<sS : )< S ]-algebras. A morphism from (H a ,A) to 
(K/3,B) is a *-homomorphism n: A — » B such that /3 = [/,a], where 

I v := {T G C(Ha,K ) \ir(a)T = Ta for all a G A). 

Assume that (Kp,B) is nongegenerate, so that (Kp, M(B)) is a concrete C* -asf)<g t -algebra. 
We call a morphism <j) from (H a ,A) to (Kp, M(B)) nondegenerate if [<f>(A)B] = B. 

The fiber product of a concrete C* -^Sj^^- algebra (H a ,A) and a concrete C* -^\fi<B- 
algebra (K$,B) is the C* -algebra 

A a *sB := {T G £(H a ®sK) I T|a)i,T»i C [\a) 1 B] and T\5) 2 ,T*\5} 2 C [\5} 2 A]\. 

Apart from special cases, we do not know whether the fiber product A a *$B of a nonde- 

generate concrete C*-asi3< 8 t-algebra (H a , A) and a nondegenerate concrete C'-cgt^s -algebra 

(Ks, B) is nondegenerate again. If it is nondegenerate, then M(A) a * gM(B) C M(A a * pB); 

55 55 

see [121 Lemma 2.5]. 

Let <j> be a morphism of nondegenerate concrete C'-gj^^t-algebras (H a , A) and (L 7 , C), 
and let tf> be a morphism of nondegenerate concrete C*-<gti3<8 -algebras (Kp, B) and (Ms,D). 
Then there exists a unique *-homomorphism 

</>*ip: A a *sB — > C 7 * s D 
f> 55 

such that (4> * %j))(T) ■ (X ® Y) = (X ® Y) ■ T for all T G A a *sB, X G /</>, Y G 7^5 see [E2 
ft 55 8 

Proposition 3.13]. 

Let (H a , A), (Kp,B) be nondegenerate concrete C*-3jii;gt-algebras and let 7r be a non- 
degenerate morphism from (H a ,A) to (Kp,M(B)). Then the unique strictly continuous 
extension n: M(A) -> M(B) of it is a morphism from (H a ,M(A)) to (Kp,M(B)); see [T2l 
Lemma 2.4]. 

Definition ( 12, 13 ). A (nondegenerate) concrete C*-!g.fjtgt-!8^>;8t- a lgebra is a pair (pH a , A) 
consisting of a C* -^^^^-^^^^-bimodule pH a and a nondegenerate C* -algebra A C C(H) 
such that p Q (Q3 t )yl C A and p g (*B)A C A. 

£et (^77(1,^4) and (sKj,B) be concrete C* -'sf)< S i-<sS)t B i-algebras. 

A morphism from (@H a ,A) to (gKy,B) is a *-homomorphism tv: A — > B such that 
S = [Itv/3] and 7 = [J„ a], where 

I* := {T G r(^/7 Q , iif 7 ) J Ta = 7r(a)T /or all a G A}. (17) 

The fiber product of (pH a , A) and (sK 1 ,B) is the C* -algebra 

A a *sB := {T e C(Ha®sK)\T\ a ) 1 ,T*\a) 1 C [|a)iB] and T\8) 2 ,T* | <5) 2 C [\8) 2 A]}. 

Let (^Hq,,^) and (sKj,B) be concrete C*-Q3fj !8 t-!8^)<Bl"argebras. If it is a morphism 
from (pH a ,A) to ( s K-y,B), then by [H Lemma 2.2], 

7r(ap a (b t )) = 7r(a)p 7 (fe t ) and w(app(b)) = ir(a)ps(b) for all a G A, b G 23, b 1 " G 93*. 
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By [131 Lemma 3.9], the pair 

(f}H a ,A) * (sK 7 ,B) ■- ( H a ® s K~ n A a * s B) 
15 15 a 

is a concrete C*-ojf)< B t-s8£l<8t-argebra . 

For i = 1,2, let cj>^ be a morphism of nondegenerate concrete C*-rg,fj<8t-»£)2!t-argebras 
(ft-W^, A w ) and (^A^S' 1 '). If the fiber product A w ai *p 2 A (2) is nondegenerate, then 

the *-homomorphism 

15 15 ' 15 

is a morphism from {^H^A^) * (p 2 H* 2 , A^) to fcJf^B' 1 ') * (s 2 K* 2 ,B^) [TH The- 
orem 3.15]. 

We denote by (gt^B-s^ajt-alg the category of all nondegenerate concrete C*-<sf)^f- 
cgijgj t-algebras, whose morphisms between C*-<sSj v t-s^ait-argebras {pH a , A) and (sKj,B) 
are all nondegenerate morphisms from (pH a ,A) to (aA 7 , M(B)). Unfortunately, the fiber 
product defined above does not induce a natural monoidal structure on this category. Apart 
from the problem that the fiber product of nondegenerate C*-<b jo B t-»^ <gt-algebras need 
not be nondegenerate, we encounter the following additional problems. 



Unitality The fiber product seems to admit a unit only on certain subcategories of 
"Btfls-K^gjt-alg- Since the fiber product of concrete C'-tgi^tgt-s^'Bt-algebras acts on the 
relative tensor product of the underlying C^-sijtgt-iB^Bt-birnodules and <gt£)93 is the unit 
for this relative tensor product, a unit for the fiber product should be of the form (tgt-fts i C), 
where C C £($)) is a suitable C*-algebra that has to be determined. 

Given concrete C*-<gf) tgt-s^l tgt-algebras (< B t^!8,C) and (pH a ,A), consider the *-homo- 
morphisms 

k(,H a ,A)- C<B*f}A^> C(H) and r^ Ha ,A) : A a -> C(H) 

given by conjugation with the isomorphisms luH a ) '■ ^» ®pH — * H and r^H a ) ■ -ffa®<8t-fr — > 
H of Theorem 14151 
Proposition 5.11. We have 

l( pHa ,A)i C ^*0 A ) = { x G C ( H ) I xp p (VB),x*p ^B) £ A and xf3,x* (3 C [/3C]}, 
r ( / 3-W ct ,A)(-<4-c**BtC) = {a; G | a;pa(23'), o;*pa(23') C A and xct,x*a C [aC]}. 

Proof. This follows directly from the definitions and the fact that 

^h«)I/3)2=A i(^ a )]»)i=p 5 («), r ((J » a) |a) a = a, r ( ^ a) |*S + > 2 = p a (23 f ), 
see also Remark 14. 161 □ 

Remarks 5.12. Let {pH a ,A) and {sK~f,B) be concrete C*-<b^ <8t"»^ st-algebras. 

i) Assume that 23 and 23 ^ are unital. Then by Proposition 15. 1 ll 

l( f) H a ,A)V 8t x*0 A ) = AnjC -( H 0) and r {0Hat>A) {A a *^re>) = Ar\C{H a ). 

ii) Proposition 15.111 suggests to consider the spaces 

A := {x G £(#) j ^(23*), x^^), 0^(23), x*p 3 (23) C A}, 
B := {y G £(A) | 2^(23+), y> 7 (» t ), ^(23), y*p«(») Q B}. 
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Clearly, (pH a ,A) and (sK^,B) are (7*-<8.f)(gt-»£)!8 t-algebras and A C- A and B C B. 
Moreover, 

A a * s B = A a * s B 

55 55 

because [|5)_ 2 I] = [|5<8 t ) 2 i] = [\5) 2 p a (&)A] = [|<5)_ 2 A] and [\a) x B\ = [|qQ5)i-B] = 
[|«)ipa(93).B] — [\a)iB]. However, in general, (A a *sB) does not coincide with 

55 

{z G C(H a ® s K) I 2p (a>7) (<8 t ),2*p (a>7) (Q3 t ),zp { ^ <4) (<8),2*p( /3<a) (<8) C A a * s B}. 
fj 

iii) If Ci,C 2 C £(i5) are C*- algebras and 

A/3 C [^Ci], Aa C [aC 2 ], B<5 C [tftfi], B 7 C [ 7 C 2 ], 

then 

(A a * s B)(f3«S) C [(A,*«B)|5) 2 /3] C [|5) 2J 4/3] C [|(5) 2 /3Ci] = [(/3<5)Ci] 

S3 ft 

and similarly (A a *sB)(a > 7) C [(ot>7)C 2 ]. 
15 

Associativity The fiber product is not associative: If (pH a ,A), (gKy,B), (^,L e ,C) are 
concrete C'-is-ftcgt-'B-ft'B t-algebras, then the isomorphism 

C({H a ® s K) L) -> ^iJa®^)^®^!,)) 

55 55 55 55 

given by conjugation with the isomorphism 

55 fj 55 55 

of Theorem 14. 15l need not identify (A a * jB)( a>7 ) with * (a <( ^,)(B 7 *$C). 

However, for each n > 2, we can define an unconditional fiber product of n C'-gjfjfgt- 
sijtg t-algebras (^.ff* , A' 1 '), . . . , {p n H„ n , A^ n ') as follows. Since the relative tensor product 
of C*-<8i5 s t-»^<st-bimodules is associative, we can define a C'-ojfjtgt-QS^' ;gt-bimodule 

gH a := ^H 1 ® ■ ■ ■ ® p n H% , 

55 55 

neglecting the order in which the relative tensor products are formed. For each k G 
{1, . . . ,n- 1}, put Q (fc) := ai > ■ • • >Q fc and /3 (fc+1) := /3 fc+ i < ■ ■ ■ </3„. Let k € {1, . . . ,7i} and 
put (Tfc := p/3 fc and := p ah . If 1 < k < n, we can identify with 

and define 7^' C C(H k , H) to be the closed linear span of all operators of the form £ 1— > 
f © C© where £ £ and 77 G /3 (fc+1) . We put 7 (1) := /3 (2) and 7 (n) := a'"" 1 ). 

The unconditional fiber product of (p 1 Ha 1 , A' 1 '), . . ., {p n H™ n , AA™') is the C*-algebra 

A = yl (1) Q1 * ft ■ ■ ■ * 0n A (n) := {T G C(H) | T 7 (fe) , T* 7 (,s) C [ 7 (fc) for fc = 1, . . . , n) . 

One easily checks that (gH a ,A) is a concrete C*-<sSj^-t-'sS)t S -t-algebra,. 

There are many different ways to form a C*-algebra on H by successive applications of the 
fiber product construction to the C*-t8^(gt-»^)<Bt- 

algebras H l a ± , A™ ), . . ., ( fc H„"„,^ W ). 
These ways correspond bijectively with the set T n of all binary trees with precisely n leaves, 
where the leaves represent {p 1 Ha 1 , A^), {p n Ha n , A^ n '), and each internal node of the 
tree represents the fiber product of the C*-3}^< B t-!8^a t-algebras associated to the left and 
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to the right subtree of that node. For each tree t £ T„, we denote the corresponding iterated 
fiber product of ( h H^,A^), . . ., { 0n H^ n , A™) by 

★'(G^,^), . . . , { 0n H2 n ,A^)) C C(H). 

Now, A^ai *p 2 ' ' ' c<n-i *|B«,-'^ is a maximal fiber product in the following sense: 

ft ft 

Proposition 5.13. ^((^H^A^), {p n H2 n , A^)) C * 5z * fc 4 (n) 

ft ft 

/or eac/i t £ T n . 

Proof. Straightforward. □ 

The unconditional fiber product is functorial in the following sense: 

Proposition 5.14. For each k = l,...,n, let <f>^ be a morphism of C-gs-ft^t-SB-fifBt- 
algebras {/3 k H^ k , A^) and (s k Kj , B^). Then there exists a unique morphism 

4>™ * ■ ■ ■ * </> (n) : A w ai * 02 ■ ■ ■ * f)n A ( "> -» B (1) 71 ** 2 ■ ■ ■ 7 „_ x * jn B W 
ft ft ft ft ft ft 

smc/i i/iai /or all Ti € , • • ., T n £ ^(n) and x £ A^ ai * p 2 ■ ■ ■ an l * p n A^ n \ 

<p <p ft " ft 

(<^ (1) * • ■ ■ * cf> (n) )(x) ■ (Ti <g> • • • ® T n ) = (I\ ® • • • <g> T„) • x. 
ft ft ft ft ft ft 

Proof. The proof is essentially the same as in the case where n = 2, see [131 Proposition 
3.13]. □ 

5.3 A functor from C*-families to concrete C*-algebras 

As in Subsection 14.31 we fix the following data: 

• a decomposable C*-algebra B with an admissible inverse semigroup O C PAut(B), 

• a covariant representation (tt, v) of (B, O) on a Hilbert space R (see Section 3), where 
7r is faithful. 

We define J and J as in Section 3, and put 

Sj := IB, 03 := Jl(Jf(B)) C C(fi), 93 f := Jr(JT(B)) C £(jj). 

Then aji^tgt is a C*-base (Proposition 14. 1T[) . We construct a faithful functor from the 
category of 0-admissible C*-families on C*-B-bimodules to the category of nondegenerate 
concrete C*-<8fj( B t-Q3-^Q3t- a lgebras. 

Proposition 5.15. Let be a C* -family on a right C -B-B-bimodule E. 
i) J<i C C{IE) is C -algebra, and JJtifg) C M(J'if). 

ii) IfV is Q-admissible, then {/3(E)I(E) a (E), J'tf) is a nondegenerate concrete C* -osi^sgt- 
tsfitsi-algebra. 

Proof, i) By Proposition OED J(<#)* = J(V*) = JV and [J{<£)J{V)] C J|W| = Jtf, so 
J^T is a C*-algebra. Likewise, J^£{^) is a C*-algebra, and J^#(^) C M(J^) because 
[JMW) J(%?)] C J[^(^)^] = J<£. 

ii) By Propositions 13.4 1 14. 181 and B-admissibility of V, 

\p a{E) {&)JV\ = J[r B (je(B))V\ = JY, [ P(3(E) (<B)J^] = J[l E (jr(B))tf] = jy. 

By [151 Remarks 3.9 (iv)], the C*-family ^ is nondegenerate if and only if the C*-algebra 
Q £-b(E) is nondegenerate, and in that case, also J<g$ CJtfC C(IE) is nonde gener- 
ate. □ 
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The assignment ^ i— > is functorial in the following sense: 

Proposition 5.16. Let and 3> be Q-admissible C* -families on right C* -B-B-bimodules 
E and F, respectively. 

i) Let cj> be a normal morphism from to ^£{S>). Then there exists a unique *-homo- 
morphism J<f>: Jff — > M(J3>) such that (J0)(Jc) = i"<^S(c) for all c £ p, a £ 0. 
If <j> is nondegenerate, then so is Jcj>. If 4>(!$) Q ®> then («70) (J^) C Moreover, 
J<j> is a morphism from {p(E)I{E) a (E), J^) to ( fj(F) I{F) a{F) , M(J@)). 

ii) Let ip be a morphism from (p(E)I(E) a (E), J^) to {/3(e) I(F) a ( F )> M(J3J)). Then 
there exists a Q-admissible C* -family 38 C 3£{F) and a unique normal morphism <f> 
from V to 38 such that ip = Jcj>. 

Proof, i) Existence of the *-homomorphism J<f> follows by a similar argument as in the 
proof of Proposition ^, 71 We only prove that Jcj> is a morphism of C*-(8f)<Bi-s8^)<8t-algebras, 
i.e., that [I J(t> a{E)\ D a{F) and [I J<t ,p(E)] D /3(F). Using Proposition l4~20l one easily 
checks that JI,f, C Tj^. Now, [I^E] = F by assumption of 1^, and hence [Ij^a^E)] D 
J[I<j,l(Jt?(E))] = Jl{je(F)) = a(F). A similar calculation shows that [I J<t ,a(E)] D /3(F). 

ii) Put ~ {T £ £f(F,F) | IT £ /y,}. Then [(JJ^)a(E)] = [U<x(E)] = a(F) by 
Proposition I4.201 and assumption on rp, and hence [J^E] = F. 

Note that [Jjjj J^] commutes with every element of ^ because ^ is 0-supported, K-^] = 
J[J^J^\ commutes with J'tf, and I is faithful. Let p.a £ PAut(B) and c £ Since 
(S'£'\Sc£) = cr((S'c*£'\S£)) for all S,S' £ and £ E, we can define linear maps 

0£(c)* : F -> F, S'Z' i-> S'c*£', and ^(c) : F -> F, S£ >-> Scf, 

where S, S" € J$ and £, £' € E. Using the relation J^J^, £ Cg(E), one easily checks 
that 0£(c)* G 3£P, (F) and 0£(c) £ ^S{F). Letting p, a, c vary, we obtain a family of maps 
<t>a : — > ^S{F), where p, a £ 0. By construction, C 7^,. Thus, is a normal morphism 
from <«f to if(F). By Proposition ISlfl iv) . .39 := C Jf(F) is a ©-admissible 

C*-family. By construction, ip = J0. □ 

Remark 5.17. We do not know whether the normal morphism <p in ii) satisfies cj>(W) C £>. 
Corollary 5.18. The assignments i— > J'jf and <f> i— > J<f> define a faithful functor 

(B,Q)-C* -family -> ^t-Qa -<b£?b t-alg. 

The functor constructed above embeds the fiber product of C*-families into the spatial 
C*-fiber product of concrete C*-osf) B t-»^)!Bt- a lgebras. Indeed, let 'W and @> be ©-admissible 
C*-families on right C*-B-B-bimodules E and F, respectively. Then conjugation by the 

isomorphism te,f- I(E) 01 (e) i 8>i3(f)I{F) — * J(F © F) defines an isomorphism 

u 

Ad TE F : C(l(E) a{ E)®0(F)I(F)) -» C(I(E © F)), 
and the following result holds: 

Theorem 5.19. Let and 3d be Q-admissible C* -families on right C* -B-B-bimodules E 
and F, respectively. Then Ad~* F (J{ c £ © &)) C J{^) a ( E ) *p(F) J{@)- 

Proof. Put t := te,f- It suffices to show that 

[j(^@^)r|a(F)> 1 ] C [ T \a(E))iJ(9j\ and © &)r\/3(F)) 2 ] C [r|/3(F)) 2 J(^)] . 

Since r|a(F))i = J|Jf (F))i and r|/3(F)) 2 = J[J^(F)] 2 (see equation lfT3)l). these inclusions 
follow from the relations 

J[(^ © »)|JT(£0>i] = J[\¥je = J[\je{E))i9] t 

J[{V © &)\Jf(F)] 2 ] = J[|^,if(F))i^] = J[\Jf{F)) 2 ^]. a 
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Theorem 5.20. For i = 1,2, let r £ (i) and 3> (i) be Q-admissible C* -families on C*-B- 
B-bimodules E l and F l , respectively, and let <jr 1 ' be a nondegenerate normal morphism 
from to ^(&^). Put $_b := r E \ E i and <J>f := t f i f i. Then the following diagram 
commutes: 

J(%f« © ^) J( ^ 1)@0(2)) M(J(®W © 

(J^ 1 ))^!)*^)^ 2 )) 2 _ M(( J ^ (1) ) a ( F l) * |3(F 2)(J S>^)). 

Proof. This follows easily from the definitions. □ 



6 Applications to pseudo-multiplicative unitaries and 
Hopf C*-bimodules 

In this section, we apply the functors constructed in Subsections 14.31 and 15.31 to Hopf C*- 
families and to pseudo-multiplicative unitaries. As before, we fix a decomposable C*-algebra 
B with an admissible inverse semigroup O C PAut(B) and a covariant representation (ir, v) 
of (B, Q) on a Hilbert space A (see Section 3), where ir is faithful, define I, J as in Section 
3, and put Sj := IB, 93 := Jl(.Jf(B)) C £(jj), 03 1 := Jr(Jf(B)) C £(£). 



6.1 From Hopf C*-families to concrete Hopf C*-bimodules 

Recall that a Hopf C* -family [15] over is a nondegenerate C*-family rfona right C*-B- 
B-bimodule equipped with a nondegenerate morphism A : si — > j0(si © .sz/) such that 

i) [A(.t/)(id©.e/ id )] <Zsi ©si and [A(^)(^? d © id)] <Zsi ©si, and 

ii) the following diagram commutes: 

^ ^ J((si © 

| A |id@A 

J£(si ©si) — @1 > J((sl '© si ' © si). 

We call {si, A) bisimplifiable if the inclusions in i) are equalities, and Q-admissible if ,e/ 
is 6-admissible and A is normal. A normal morphism of 0-admissible Hopf C*-families 
(si, A^) and ("af, A<^) is a normal nondegenerate morphism (j> from si to *#{{€) that makes 
the following diagram commute: 

si — ^ 

j€(si © si) — > ^(<*f © V). 

Replacing the internal tensor product "@" by the flipped internal tensor product "©" in the 
target of A and in the diagrams above, one arrives at the notion of flipped Hopf C* -families 
and their morphisms. 

Recall that a concrete Hopf C* -bimodule [13] over asfjgjt consists of a nondegenerate 
concrete C'-sfligt-s^st-algebra (pH a , A) and a morphism A from (pH a ,A) to (pH a ,A) * 
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(pH a ,A) that makes the following diagram commute, 



A * ^ A a * A 



id* A 
A, id « * 

A a *aA n ; A a *BA a *aA, 

si a s 



where A a *@A a *pA denotes the unconditional fiber product (see Subsection 15. 2|1 . A mor- 

phism of concrete Hopf C*-bimodules (@H a , A, Aa) and (sK-y, C, Ac) is a morphism <j> from 
(pH a ,A) to (sK-y , M(C)) that makes the following diagram commute: 

A *~ M(C) 



\ Ac 

A a *pA *L^M(C 1 * 5 C). 

Remark 6.1. We can not yet formulate an analogue of the bisimplifiability condition 
for a concrete Hopf C*-bimodule (pH a , A, A). One could compare spaces of the form 
[A(A)(A {a) a ®f3l)\ and [A(A)(l a <g> l3 A ( i 3) )}, where natural choices for A {a) and A w are 

J5 -0 

Anp Q (33 t )' and Anp^(Q3)', respectively, or An£(H a ) and An^Cf-Hp), to the fiber product 
A a * /3 A. But this fiber product has to be replaced by a smaller C*-subalgebra. 

Another natural condition on a concrete Hopf C*-bimodule (pH a , A, A) would be to 
demand that [A(^)|a)r] = [\a) x A] and [A(A)\/3) 2 ] = [|/3M]. 

The functor constructed in the preceding section yields an embedding of the category of 
0-admissible Hopf C*-families into the category of concrete Hopf C*-bimodules: 
Theorem 6.2. i) Let (si,A^) be a Q-admissible Hopf C* -family on a right C*-B-B- 
bimodule E. Then (p(E)I(E) a (E), Jstf) together with the composition 

Aj.^ := Ad^ 1 E oJ(A^): J.et -> M(J(sJ © j*)) M(J(sJ) a * p J(sJ)) 

is a concrete Hopf C* -bimodule. 
ii) Let (&/, A^) and ', A-y) be Q-admissible Hopf C -families on right C -B-B-bimodules 
E and F, respectively, and let (j> be normal morphism from (&/ , A^) to (V, A^g). Put 
Ajcg :— Ad~^ F oJ(Ax)- Then J<f>: J si — » M(J'tf) is a morphism of the concrete 
Hopf C* -bimodules ( ( E )I(E) a ( E) , JsJ , Aj^) and ( fj(F) I(F) a(F) , Jtf , Aj<g). 

Proof, i) Put a := a(E), (3 := (3(E), and A := Jsf. First, we show that A A (A) C A a * a A. 

Since stf is nondegenerate, so is the C*-algebra s/^. Using the relation Te,e\oi(E))\ — 
J\3V(E))i (see equation (O) and Theorem |5~T§1 

[A A (A)\a){\ C T Et EJ[A^)\je(E))x} 

= r B , E j[A^(^)« d d @id)|JT(£0>i] 

CrB,sJ[(j*'@*O|Jr(£0>i] 

= [Ad TEJ5 (J(^@^))|a)i C [(A a *M)|a)i] C [|a)i.A], 

and a similar calculation shows that [Aa(-A)|/9}2] C [1/3)2.4.]. Therefore, Aa(A) C A a *pA. 

a 

The equation (Aa *id) o Aa = (id * Aa) o Aa follows from the equation (A^ @id)o A^ = 
(id@A^) o A^ and Theorem Egg] 

ii) This follows directly from Theorem 15.201 □ 

Remark 6.3. The constructions in the preceding theorem carry over to flipped Hopf C*- 
families in a straightforward way. 
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6.2 Pseudo-multiplicative unitaries on C*-modules 



Finally, we apply the techniques developed so far to pseudo-multiplicative unitaries, and 
compare the approaches of [111115] and [121 113] . 

Let us recall the definition of pseudo-multiplicative unitaries on C*-modules from [111115] . 
A C* -trimodule over B consists of a full C*-module E over B and two faithful nondegenerate 
commuting representations s,r: B — > Cb{E). We denote by r E and B E the right C*-B- 
B-bimodules formed by E and the representations r and s, respectively. We call (E, s, r) 
0-admissible if r E and S E are 0-admissible. Let (E,s,r) be a C*-trimodule over B. Then 
we can define representations ri,S2>F2 on E S QE by ri(6) := r(b) © 1, S2(b) := 1 © s(b), 
r2(b) :— 1 © r(b) for all 6 £ B, and similarly representations n, si, S2 on _E © r E. A pseudo- 
multiplicative unitary on (E, s, r) is a unitary 

W: E S QE ^ E© r E 

that satisfies the following conditions: 

i) Wr 2 (b) = 3i(b)W, Wn(b) = n(b)W, Ws 2 (b) = s 2 (b)W for all be B, 

ii) the following diagram commutes, 



W&1 1@W 
Es©E s ©E ^ E © r E S QE ^ E© r E© r E, 



(18) 



1QW 

E S Q{E Q r E) 



w 13 



WQl 
(EfQE) Q r E 



where W13 acts like W on the first and third component of the internal tensor product. 

If W is such a pseudo-multiplicative unitary, then the unitary W op := SW'S: E r QE — > 
E Q a E is a pseudo-multiplicative unitary on (E, r, s) [151 Remark 2.4]. 

Next, we recall the definition of C*-pseudo- multiplicative unitaries from [121 113] . A 
C , *-<8^<8t"Bt^» -^t^ 23 -module consists of a Hilbert space H with pairwise compatible C*- 
factorizations a G C*-fact(_ff; gsij<8t) and 0, j3 € C*-fact(ff; «gt^3as)- A C* -pseudo-multiplicative 
unitary on a C'-gjij^t-ajt^ 93-Qjt^»- m °dule (H,a, $, /3) is a unitary 

1/: H ? ,® a H -> H a ®pH 

that satisfies the following conditions: 

i) V(a < a) = a > a, V"(/3 > 0) = /3 < (3, V(f3 © /3) = a > /3, 7(/3 < a) = /9 < 0, 

ii) the following diagram commutes, 



H s ® a H d ® a H fL 



1®V 



Vl3 



Vigil 



a. <1 q. ©0# 



(19) 



where V13 acts like W on the first and third component of the internal tensor product 
(see [13] Lemma 4.1]). 

If V is such a C*-pseudo-multiplicative unitary, then the unitary V op := EV*E : Hp® a H — ► 
H a <gipH is a C* -pseudo- multiplicative unitary on (H,a, j3, j3). 
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Theorem 6.4. Let (E,s,r) be a -admissible C -trimodule over B and let W: E 3 QE — > 
E Q r E be a pseudo-multiplicative unitary. Then a( 3 E) = a( r E). Put 

H--IE, a:=a( r E) = a( 3 E), := 0( 3 E), := 0{ T E), 

T := T rE , r E - H a ®(lH -> I(EQ r E) , T° V ~ T S E, S E - Hg® a H -> I(E S ®E). 

Then (H,a, 0, 0) is a C'-gj.frrgt-cgt-fr'B -<s\Sj<b -module, and the unitary 

V := r' 1 oIWo r op : H g ® a H -* I(E S ©E) -> I(E @ r E) -> H a ®pH 

is a C* -pseudo-multiplicative unitary. 

Proof. Remark 14.191 shows that a( 3 E) = a( r E). By equation (|13[) . Proposition 14.101 and 
assumption on W, 

tV[\0)i0\ = I{W)j[\ s E] ir ( r E)] = j[Wr{ s E © r E)} 

= Jr( s E © r E) = j[\ r E] 2 r( s E)]] = r[|/9)i#|, 

showing that V(0 © 0) = /3 © /3. Similar calculations show that V(a <s a) = a > a, V(0 © 
0) = a > 0, V(0 < a) — < 0; here, one has to use Proposition 14.241 Finally, tedious but 
straightforward arguments show that commutativity of diagram (|18|) implies commutativity 
of diagram (Tl9jl . □ 



Let E, s, r, W and H, a, 0, 0, V be as in the Theorem above. In [15j . we associated to W 
two families 

[{je{ r E)\ 2 W\je{ T E))2\ C &{ S E) at := [{Jtf( s E)\iW\J?( s E)]i] C j£f( r E) 

and two families of maps 

: ^ - J2£(E.©£), (A w )£ : < -» JS£(E © r £), 

an W*(id@a)W, a W(a © id)W*, 

where p, a £ PAut(B). In [T3], we associated to V two spaces 

A := [{0\2V\a) 2 ] C £(#), A := [<a|iV|0)i] C 
and two maps 

A v : A -> C(H 3 ® a H), Ay. A -> C(H a ® g H), 

'a a 

x ^ V*(l a ®gx)V, y^V(yg® a l)V*. 

Recall that in Theorem 16.21 and Remark 16.31 we associated to every (flipped) O-admissible 
Hopf C*-family a concrete Hopf C*-bimodule. 

Proposition 6.5. i) If (sit, Aw) is a Hopf C* -family, then it is -admissible, and then 
(pHa, A, Av) is the associated concrete Hopf C* -bimodule. 

ii) If {at , Aw) is a flipped Hopf C* -family, then it is Q-admissible, and ( a H^,A,Av) is 
the associated concrete Hopf C* -bimodule. 

Proof, i) Assume that st is a C*-family. The definition of at and the fact that S E is 0- 
decomposable imply that at is 0-supported. By |15l Proposition 4.4], [at £?( r E)] C [at] 
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and [ef?0£.*( r E)] = stt^ for all p,a G PAut(B), and by [15, Proposition 4.5], si is nonde- 
generate. Consequently, &f is O-admissible. By definition, equation (Tl3]) . and Proposition 
1^41 

A= [<a| 1 r(7W)r op |^) 1 ] = j[(Jff( s E)\iW\Jif(sE)]i] = J^, 

and Ay (la) = Ad T (I(Aw)Z(a)) for all p, a G 9 and a G ^f. The claims follow. 

ii) The proof is similar to the proof of i). □ 

In [TT] and [T3], we studied regularity conditions on pseudo- multiplicative unitaries 
that ensure that (ff/,Aw) and (rf,Aw) are Hopf C*-families, and that ( a H^, A, Ay) 
{f}H a , A, Ay) are concrete Hopf C*-bimodules: W is regular [11] if W|i?)2] = Kb{E), 
and V regular [T3] if [(a|i V|a)i] = [aa*]. 

Proposition 6.6. 7/ W is regular, then V is regular. 
Proof. This follows from the relations 

[aa*} = J\l{M , {rE))l{je{ r E)Y} = JK B {E), [{a\ x V\a} 2 ] = J[{E\ X W\E) 2 ]. □ 
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